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Abstract

Spectral restoration methods for speech enhancement aim to remove noise components in noisy speech signals by using a gain
function in the spectral domain. How to design the gain function is one of the most important parts for obtaining enhanced speech with
good quality. In most studies, the gain function is designed by optimizing a criterion based on some assumptions of the noise and speech
distributions, such as minimum mean square error (MMSE), maximum likelihood (ML), and maximum a posteriori (MAP) criteria. The
MAP criterion shows advantage in obtaining a more reliable gain function by incorporating a suitable prior density. However, it has a
problem as several studies showed: although MAP based estimator effectively reduces noise components when the signal-to-noise ratio
(SNR) is low, it brings large speech distortion when the SNR is high. For solving this problem, we have proposed a generalized maximum
a posteriori spectral amplitude (GMAPA) algorithm in designing a gain function for speech enhancement. The proposed GMAPA algo-
rithm dynamically specifies the weight of prior density of speech spectra according to the SNR of the testing speech signals to calculate
the optimal gain function. When the SNR is high, GMAPA adopts a small weight to prevent overcompensations that may result in
speech distortions. On the other hand, when the SNR is low, GMAPA uses a large weight to avoid disturbance of the restoration caused
by measurement noises. In our previous study, it has been proven that the weight of the prior density plays a crucial role to the GMAPA
performance, and the weight is determined based on the SNR in an utterance-level. In this paper, we propose to compute the weight with
the consideration of time–frequency correlations that result in a more accurate estimation of the gain function. Experiments were carried
out to evaluate the proposed algorithm on both objective tests and subjective tests. The experimental results obtained from objective tests
indicate that GMAPA is promising compared to several well-known algorithms at both high and low SNRs. The results of subjective
listening tests indicate that GMAPA provides significantly higher sound quality than other speech enhancement algorithms.
� 2015 Published by Elsevier B.V.

Keywords: Speech enhancement; Spectral restoration; Generalized MAPA; GMAPA
1. Introduction

The corruption of speech signals by background noise
may seriously degrade the speech quality and thus restrict
the applicability of speech technology. The goal of speech
enhancement is to reduce noise components and thus
http://dx.doi.org/10.1016/j.specom.2015.10.003
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enhance the signal-to-noise ratio (SNR), intelligibility, and
perceptual quality of degraded speech. A speech enhance-
ment method usually serves as a preprocessor in many
speech techniques. For example, speech coding systems
often apply speech enhancement processes to increase the
quality and intelligibility for speech communication (Lim
and Oppenheim, 1979; Li et al., 2011a, 2011b). Hearing aids
adopt speech enhancement methods to improve speech
intelligibility for hearing-loss individuals in noisy environ-
ments (Venema, 2006; Levitt, 2001; Lai et al., 2013a).
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Various speech enhancement approaches have been pro-
posed. A notable class is spectral restoration (Chen, 2008).
Spectral restoration approaches aim to estimate a gain
function for performing noise reduction in the frequency
domain in order to obtain a clean speech spectrum from
a noisy speech spectrum. Well-known spectral restoration
approaches include spectral subtraction (SS) (Boll, 1979)
and Wiener filter (Scalart and Filho, 1996) with their vari-
ous extensions (Lu and Loizou, 2008; Li et al., 2008; Mittal
and Phamdo, 2000). Additionally, some spectral restora-
tion approaches are derived based on probabilistic models
of speech and noise signals. Successful examples include
minimum mean-square-error (MMSE) spectral estimator
(Ephraim and Malah, 1984; Soon et al., 1999; Martin,
2005; Hansen et al., 2006; Malah et al., 1999; Cohen,
2002), maximum a posteriori spectral amplitude (MAPA)
estimator (Plourde and Champagne, 2008; Lotter and
Vary, 2005; Suhadi et al., 2011; Li et al., 2006; Xin et al.,
2008), and maximum likelihood spectral amplitude
(MLSA) estimator (McAulay and Malpass, 1980; Kjems
and Jensen, 2012).

In probabilistic model based estimation, the maximum a
posteriori (MAP) based criterion explicitly takes a certain
prior distribution of signal in modeling, which results in
a much more accurate estimation than that without taking
the prior knowledge of signal distributions. The MAP cri-
terion has been widely adopted to many speech processing
tasks, such as acoustic model adaptation (Gauvain and
Lee, 1994; Tsao et al., 2014a), feature compensation
(Tsao et al., 2014b), voice conversion (Chen et al., 2003),
and language model adaptation (Federico, 1996). When
the available adaptation data is especially limited, ML-
based approaches may encounter over-fitting issues and
accordingly provide poor classification or regression per-
formances. By incorporating the prior information,
MAP-based approaches can effectively alleviate over-
fitting to yield satisfactory performance. Meanwhile, spec-
ifying a suitable weight between likelihood and prior den-
sity according to the target task plays an important role
to the achievable performance for the MAP criterion.
For example, in automatic speech recognition, a suitable
weight is favorable when combining scores from acoustic
model and language model (Bahl et al., 1980; Ogawa
et al., 1998). Moreover, it has confirmed effective to select
an optimal regularization weight to control the residual
and the stabilizing terms for a robust restoration of multi-
channel images (Zervakis, 1996). For the speech enhance-
ment task, the ML criterion enhances speech signals
based on the current data; however, due to variations
caused by noise, the ML criterion may not be the optimal
solution. On the other hand, the MAP criterion can com-
pute more reliable gain function by incorporating a suit-
able prior density when the SNR is low. However, it is
noted that the MAP criterion brings large speech distortion
when the SNR is high. For solving this problem, we have
proposed a generalized maximum a posteriori spectral
amplitude (GMAPA) algorithm in designing a gain func-
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tion for speech enhancement (Su et al., 2013; Lai et al.,
2015). In the proposed GMAPA algorithm, the suitable
weight of prior density is determined, based on the SNR
of noisy speech, to calculate the gain function.

Several previous studies also intend to online update the
gain function using the gamma modeling (Dat et al., 2006)
and the multidimensional normal inverse Gaussian
(MNIG) modeling (Hendriks and Martin, 2007). The dis-
tinct point of the GMAPA algorithm is that a regression
scheme is directly applied to map the SNR to the weight
of prior density. When the SNR is low, a large weight is
obtained and used to avoid large residual noise in restora-
tion. On the other hand, a small weight is obtained and
used to prevent speech distortion when the SNR is high.
In the previous study (Su et al., 2013), we confirmed that
the weight of prior density is a crucial factor to the noise
reduction capability of GMAPA, and the weight is com-
puted based on the SNR of the whole utterance. As it is
known, the statistical regularity of speech shows strong
correlation or coherence between neighboring frequency
bins and time frames (Lu et al., 2011, 2010; Fan et al.,
2014). Based on these correlations, rich spectral–temporal
structure can be explored in local frequency and time-
varying spectral patches and used to improve the speech
enhancement capability. In this study, we propose to fur-
ther improve the GMAPA performance by incorporating
such spectral–temporal information.

The present study expands upon our previous GMAPA
study (Su et al., 2013) with three additional contributions.
The first one is that we detail the derivations of the
GMAPA algorithm and the procedures for estimating the
mapping function that determines the weight of prior den-
sity. The second contribution is that we extend the original
GMAPA algorithm with the consideration of spectral–tem-
poral coherence, which results in more accurate estimation
of gain function. To incorporate temporal and spectral
characteristics, we proposed temporal grouping (TG) and
spectral grouping (SG) techniques, respectively. When
combining the TG and SG techniques, GMAPA effectively
reduces the processing latency while provides better sound
quality. The third contribution is that thorough experi-
ments were carried out including objective and subjective
tests to evaluate the capability of the GMAPA algorithm
in more detail. For the objective evaluations we compared
the speech distortion index (SDI) (Chen et al., 2006), per-
ceptual estimation of speech quality (PESQ) (ITU-T,
2001; Rix et al., 2001; Hu and Loizou, 2008), and segmen-
tal SNR improvement (SSNRI) (Chen, 2008) using utter-
ances from the Aurora-4 task (Hirsch and Pearce, 2000;
Parihar et al., 2004). The subjective listening test was con-
ducted with a single-blind design using a standardized
Mandarin speech database (Lai et al., 2013b). The experi-
mental results confirm the effectiveness of the proposed
GMAPA algorithm relative to several well-known speech
enhancement algorithms.

The remainder of this paper is organized as follows: Sec-
tion 2 introduces the spectral restoration process and
a posteriori spectral amplitude estimation for speech enhancement, Speech
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reviews several well-known probabilistic-model-based
algorithms. Section 3 presents the GMAPA algorithm
and TG and SG techniques. Section 4 reports our experi-
mental setup and results. The conclusions are drawn in
Section 5.
2. Spectral restoration techniques

This section reviews the overall spectral restoration pro-
cess and three probabilistic-model-based algorithms,
namely MMSE, MLSA, and MAPA estimators.
2.1. Spectral analysis

In the time domain, a noisy speech signal y½n� is com-
posed of a clean speech signal s½n� corrupted by an additive
noise signal v½n�:
y½n� ¼ s½n� þ v½n�; ð1Þ
where n denotes the sampling time index. We assumed that
the clean speech and noise signals are independent and
additive, and that both of them are random processes. In
the spectral domain, the noisy speech spectrum of the m-
th frame, Y ½m; l�, can be expressed as

Y ½m; l� ¼ S½m; l� þ V ½m; l�; 0 6 l 6 L� 1; ð2Þ
where l is the frequency bin corresponding to frequency xl,
where xl ¼ 2pl=L, l ¼ 0; 1; . . . ; L� 1; S½m; l� and V ½m; l�
are the speech and noise spectra, respectively.

Fig. 1 shows the overall speech enhancement system,
which can be decomposed into noise tracking and gain esti-
mation. The noise-tracking stage computes the noise power
spectral density (PSD) from the noisy speech, Y ½m; l�, to
obtain a priori SNR and a posteriori SNR statistics
(Cohen, 2002, 2003; Kum and Chang, 2009). Then gain
estimation involves calculating a gain function, G½m; l�,
based on the computed a priori SNR and a posteriori

SNR statistics. Finally, the enhanced speech, bS ½m; l�, is
obtained by filtering Y ½m; l� through G½m; l�. For the sake
of brevity, in the following discussion Y ½m; l�, S½m; l�,
V ½m; l�, and G½m; l� are denoted as Y , S, V , and G,
respectively.

By decomposing the noisy and clean speech spectra (i.e.,
Y and S in Eq. (2)) into their amplitude and phase compo-
nents, we have

Y ¼ Y kexpðjhY Þ; ð3Þ
S ¼ SkexpðjhSÞ; ð4Þ
Fig. 1. Block diagram of a speech enhancement system.
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where Y k ¼ jY j and Sk ¼ jSj are the amplitudes, and
hY ¼ \Y and hS ¼ \S are the phases of Y and S, respec-
tively. In the following discussion, subscript k denotes the
amplitude part of a signal. To reconstruct S from Y , we
first estimated the phase of the clean speech spectrum as

expðjbhSÞ ¼ arg min
expðjbh�SÞE expðjhSÞ � expðjbh�

SÞ
��� ���2� �

: ð5Þ

The prior density of hS is modeled by a uniform
distribution

pðhSÞ ¼ 1

2p
; ð6Þ

over (�p,p) (Chen, 2008). From Eqs. (5) and (6), we then
have

expðjbhSÞ ¼ expðjhY Þ: ð7Þ
Full details of the phase estimation process can be found
elsewhere (Chen, 2008). Accordingly, the clean speech spec-
trum is estimated asbS ¼ bSkexpðjhY Þ ¼ G � Y ; ð8Þ
The goal of spectral restoration is to compute the gain
function G.

2.2. Related work

This section introduces three well-known methods of
gain estimation: MMSE, MLSA, and MAPA. The meth-
ods used to calculate the noise power and gain function
for these algorithms are derived based on two assumptions:
(i) both the speech and noise signals are random processes;
(ii) the speech and noise signals are independent, and the
noise signal is additive. Two statistics for SNR, namely a

priori SNR nk and a posteriori SNR ck, are defined as

nk ¼ r2
s=r

2
v and ck ¼ Y 2

k=r
2
v , where r2

s ¼ E½jSj2� and

r2
v ¼ E½jV j2�. nk and ck are denoted as n and c, respectively,

in the discussion below for the sake of simplicity.

2.2.1. General formulations

By assuming that both the clean speech and noise spec-
tra are modeled by Gaussian distributions, the conditional
probability density function (PDF), pðY jSk; hSÞ, can be
derived as

pðY jSk; hSÞ ¼ 1

pr2
v

exp � jV j2
r2
v

 !
: ð9Þ

The amplitude and phase components of complex Gaus-
sian random variables with zero mean are statistically inde-
pendent (Chen, 2008). Thus, pðSk; hSÞ becomes

pðSk; hSÞ ¼ pðSkÞ � pðhSÞ; ð10Þ
where pðSkÞ is modeled by the Rayleigh distribution

pðSkÞ ¼ 2Sk

r2
s

exp � S2
k

r2
s

� �
; ð11Þ
a posteriori spectral amplitude estimation for speech enhancement, Speech
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where r2
s denotes the hyper-parameter in the density.

2.2.2. MMSE algorithm

The spectral amplitude of the MMSE estimator is given
by the conditional expectation

bSk ¼ E½SkjY � ¼
Z 1

0

SkpðSkjY ÞdSk

¼
R1
0

R p
0
SkpðY jSk; hSÞpðSk; hSÞdhSdSkR1

0

R p
0
pðY jSk; hSÞpðSk; hSÞdhSdSk

: ð12Þ

By substituting Eqs. (9) and (10) into Eq. (12) combined
with some derivations, the MMSE-based gain function,
GMMSE, can be expressed as

GMMSE ¼ C
3

2

� � ffiffiffi
d

p

c
exp

�d
2

� �
ð1þ dÞI0 d

2

� �
þ dI1

d
2

� �� �
;

ð13Þ
where d ¼ ½n=ð1þ nÞ�c; Cð�Þ, I0ð�Þ, and I1ð�Þ denote the
gamma function, zero-order modified Bessel function,
and first-order modified Bessel function, respectively. The
enhanced speech spectrum for the MMSE estimator can

then be estimated by bS ¼ GMMSE � Y .

2.2.3. MLSA algorithm

The MLSA estimator computes the spectral amplitude,bSk, asbSk ¼ argmax
Sk

JMLSAðSkÞ; ð14Þ

where JMLSAðSkÞ is the MLSA cost function and is defined
as

JMLSAðSkÞ ¼ lnfpðY jSkÞg: ð15Þ
By differentiating the log-likelihood function of Eq. (15)
with respect to Sk, and equating the result to zero, we
can obtain the gain function of the MLSA estimator:

GMLSA ¼ 1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1=cÞp
2

: ð16Þ

With the estimated GMLSA, the enhanced speech spectrum
for the MLSA estimator can be computed bybS ¼ GMLSA � Y .

2.2.4. MAPA algorithm
The MAPA estimator computes the spectral amplitude,bSk, asbSk ¼ argmax

Sk
JMAPAðSkÞ: ð17Þ

JMAPAðSkÞ is the MAPA cost function and can be expressed
as

JMAPAðSkÞ ¼ lnfpðY jSkÞpðSkÞg: ð18Þ
By differentiating the MAPA cost function of Eq. (18) with
respect to Sk, and equating the result to zero, we can obtain
the MAPA-based gain function, GMAPA, as
Please cite this article in press as: Tsao, Y., Lai, Y.-H., Generalized maximum
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GMAPA ¼
nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ ð1þ nÞn=c

q
2ð1þ nÞ : ð19Þ

The enhanced speech spectrum for the MAPA estimator

can be computed as bS ¼ GMAPA � Y .

3. The GMAPA algorithm

In this section, we first introduce the proposed GMAPA
algorithm and the mapping function to determine the
weight of prior density. Then we present the TG and SG
techniques, which are used to prepare suitable temporal
and spectral information to facilitate GMAPA better noise
reduction capability.

3.1. GMAPA algorithm

The main difference between the MLSA and MAPA
estimators is in the prior density, pðSkÞ. For the GMAPA

estimator, the spectral amplitude, bSk, is calculated in the
same way:bSk ¼ argmax

Sk
JGMAPAðSkÞ; ð20Þ

where JGMAPAðSkÞ is the GMAPA cost function, which is
defined as

JGMAPAðSkÞ ¼ lnfpðY jSkÞ½pðSkÞ�ag; ð21Þ
where a is the weight of prior density. Please note that
JGMAPAðSkÞ becomes JMAPAðSkÞ in Eq. (18) when setting
a = 1 in Eq. (21), while it becomes JMLSAðSkÞ in Eq. (15)
when setting a = 0 in Eq. (21).

By differentiating the GMAPA cost function of Eq. (21)
with respect to Sk, and equating the result to zero, we
obtain the GMAPA-based gain function as

GGMAPA ¼
nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ ð2a� 1Þðaþ nÞn=c

q
2ðaþ nÞ : ð22Þ

The enhanced speech spectrum for the GMAPA estimator

thus can be obtained by bS ¼ GGMAPA � Y . The derivation of
the GMAPA gain function in Eq. (22) is provided in more
detail in Appendix A.

Notably in Eq. (21), a controls the weight between like-
lihood pðY jSkÞ and prior density pðSkÞ. The likelihood part
yields the restoration solution based on the current speech
data, whereas the prior density indicates a regularization
on the solution. For high SNR conditions, the noise-
tracking stage in Fig. 1 can estimate noise statistics accu-
rately, and thus spectral restoration gain function com-
puted based on the likelihood without any regularization
can achieve satisfactory performance. However in low
SNR conditions, the huge variations caused by noise may
cause noise-tracking estimator to perform poorly, and thus
an unsatisfactory gain function estimation might be
incurred if only considering the likelihood part in
Eq. (21). This issue can be handled by incorporating
a posteriori spectral amplitude estimation for speech enhancement, Speech
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suitable prior information. The statistics used to prepare
the prior density can be estimated using the training data
in the offline phase (Gauvain and Lee, 1994). In this study,
the prior density is estimated by the previous speech
statistics and updated sequentially. Therefore, the prior
density in Eq. (21) actually acts as a smoothness (or
stabilizing) constraint. A large weight results in a strong
smoothness constraint while a small weight induces a weak
smoothness constraint on the enhancement processing. In
view of the foregoing considerations, a larger a should be
used in low SNR conditions to avoid disturbance caused
by measurement noises, and a smaller a should be used
in high SNR conditions to prevent overcompensations that
may result in speech distortions.

3.2. Determining the weight of prior density

If the SNR of the testing condition is known (e.g., by
using an additional mechanism to predict SNR, or when
the environment is familiar), a in Eq. (21) can be predefined
directly. However, the optimal a for the gain function
needs to be calculated when applying GMAPA in an
unknown environment. Since a is dependent on the SNR
of the testing condition, the training data can be used to
find a mapping function that determines the correlation
between the optimal a and the SNR of the test utterance.
In this study we used a sigmoid function (Alippi and
Storti-Gajani, 1991; Zhang et al., 1996) to optimally deter-
mine the weight a for GGMAPA in Eq. (21) according to

a ¼ amax

1þ exp½�bð�c� cÞ� ; ð23Þ

where amax is the maximum value (upper bound) for a, b
and c are coefficients of the sigmoid function, and �c is the
mean of the a posteriori SNR for a given utterance, where

�c ¼ 1=T
PT

t¼1c
ðtÞ, where T is the total number of frames for

this utterance, and cðtÞ is the a posteriori SNR for the t-th
frame. We use the training data to determine {amax,b,c}.
Fig. 2 shows the designed function for determining the
value of weight a from �c, and indicates that a is larger when
the SNR is lower. For ease of presentation, we denote the
mapping function of Eq. (23) as STW (SNR-to-weight)
function. In Section 4.2, we will confirm that the STW
Fig. 2. STW function of a and mean of the a posteriori SNR.
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function is a proper choice to model a and introduce the
criterion that we used to determine {amax,b,c}.

3.3. Incorporating the temporal and spectral information

The original GMAPA algorithm computes a gain
function for each frame and frequency bin for spectral
restoration, while the same weight of prior density, a, is
used throughout the utterance. In this study, we extend
the original GMAPA by incorporating temporal and spec-
tral information to attain better enhancement capability.
To effectively utilize the temporal and spectral information,
we derived TG and SG techniques. Fig. 3 shows these two
techniques applied on one speech utterance. In the follow-
ing, we will detail these two techniques and the integration
of them with GMAPA.

3.3.1. GMAPA with TG

Speech patterns, such as phones, syllables, or words,
usually occupy a set of consecutive frames. The objective
of TG is to exploit such information by using a temporal
window to embrace the neighboring spectra and to capture
the invariant structure of speech signals. As shown in
Fig. 3, the TG technique segments the speech utterance
by applying temporal windows, each containingMc frames.
Hereafter, GMAPA with TG is termed GMAPA + TG. In
original GMAPA, we need to compute the utterance-level a
posteriori SNR, �c to determine a in Eq. (23) for computing
the gain function for spectral restoration. For GMAPA
+ TG, each temporal window determines a distinct weight
of the prior density, ac, c = 1, . . . ,NTC, where NTC is the
total number of temporal windows. In this way, the local
temporal information could be incorporated in the gain
function estimation, enabling GMAPA to achieve better
noise reduction performance. Moreover, the utterance-
based SNR calculation used in original GMAPA will slow
down the online enhancement process. Since GMAPA
+ TG updates ac in a window-wise manner, the processing
latency can be effectively reduced. When performing speech
enhancement, GMAPA + TG uses a sliding-window with
Mc frames. For the first Mc frames (t 5Mc) we set a = 1

in Eq. (22) and keep computing cðtÞ. When t =Mc þ 1, we
then compute the average a posteriori SNR for the t-th

frame as �cðtÞ ¼ b � ð1=Mc
Pk¼t

k¼t�Mcþ1c
ðkÞÞ þ ð1� bÞ � ��c, where

��c is the average a posteriori SNR of the previous sliding-
windows, and b is a coefficient. Then GMAPA + TG deter-
mines the optimal ac based on Eq. (23) with the computed
�cðtÞ. In this way, both the computation of �cðtÞ and the deter-
mination of ac are performed in the real-time phase, thus
reducing the processing latency.
3.3.2. GMAPA with SG

The objective of SG is to decompose the full-band spec-
tra into several sub-bands for a better characterization of
local spectral structure. In Fig. 3, we prepare NSC sub-
bands from the original speech: NSC ¼ CeilðL=LcÞ, where

a posteriori spectral amplitude estimation for speech enhancement, Speech
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Fig. 3. The TG and SG techniques. M and L, respectively, are the numbers of frames and frequency bins in this utterance; Mc and Lc, respectively, are the
numbers of frames and frequency bins in each temporal group and spectral group.

Table 1
Gain functions of MMSE, MLSA, MAPA, and GMAPA algorithms.

MMSE C 3
2

� 	 ffiffi
d

p
c exp � d

2

� 	 ð1þ dÞI0 d
2

� 	þ dI1 d
2

� 	
 �
MLSA

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðY 2

k�r2v Þ=Y 2
k

p
2

MAPA
nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2þð1þnÞn=c

p
2ð1þnÞ

GMAPA
nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2þð2a�1ÞðaþnÞn=c

p
2ðaþnÞ

d ¼ ½n=ð1þ nÞ�c.
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Lc and Ceil(�) denote the number of frequency bins in one
sub-band and the ceiling function, respectively. For sim-
plicity, GMAPA with SG is termed GMAPA + SG here-
after. In the offline phase, GMAPA + SG prepares NSC

STW functions (accordingly NSC sets of {amax,b,c}). In
the online phase, GMAPA + SG determines NSC weights:
ac, c = 1, . . . ,NSC based on the prepared NSC STW func-
tions; then these NSC weights are used to compute the
GMAPA gain functions based on Eq. (22) for spectral
restoration. When setting Lc ¼ L (namely, NSC ¼ 1), all of
the frequency bins share the same weight (the same as that
used in original GMAPA). On the other hand, when setting
Lc ¼ 1 (namely, NSC ¼ L), each frequency bin has a specific
weight.

4. Experiments

This section first uses an example to show how to deter-
mine the optimal parameter set {amax,b,c} in Eq. (23) and
Fig. 2. The spectrograms for speech processed by different
speech enhancement algorithms are then presented, fol-
lowed by evaluation results from the objective and subjec-
tive experiments.

4.1. Speech enhancement system configuration

This section introduces the speech enhancement system
configuration that was used for the performance evalua-
tions in this study. In addition to the proposed GMAPA
algorithm, we conducted experiments using three related
spectral restoration algorithms for comparison: MMSE,
MLSA, and MAPA algorithms. The corresponding gain
functions are presented in Table 1.
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We also incorporated the speech-presence uncertainty to
improve the speech enhancement performance (Scalart and
Filho, 1996; Malah et al., 1999):

Gcor ¼ K
1þ K

G; ð24Þ

where Gcor is the corrected gain function that was finally
used to perform speech enhancement, and K is a simplified
notation for K½m; k�, where:

K ¼ ð1� qÞ
q

pðY jH 1Þ
pðY jH 0Þ ¼

ð1� qÞ
q

expðdÞ
1þ n

; ð25Þ

where q is a simplified notation for q½m; k�, representing the
speech absent probability (SAP) (Lotter and Vary, 2005;
Choi and Kang, 2005), and d ¼ ½n=ð1þ nÞ�c.

4.2. STW function estimation

In this section we introduce the procedure used to find
the optimal parameter set {amax,b,c} in Eq. (23). The same
procedure was used for all of the evaluations in the
experiments.
a posteriori spectral amplitude estimation for speech enhancement, Speech
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We first prepared a set of training data using 36 utter-
ances made by 3 males and 3 females. These utterances
were excerpted from the Aurora-4 (Hirsch and Pearce,
2000; Parihar et al., 2004) clean training set. Aurora-4
includes speech data at two sampling rates, 8 kHz and
16 kHz, and the 8 kHz data was selected in this study.
The 36 utterances were used to artificially generate noisy
speech signals containing white Gaussian noise (WGN),
exhibition noise, and train station noise at six SNRs: 0,
5, 10, 15, and 20 SNRs; these noise types represent color
noise, stationary noise, and non-stationary noises, respec-
tively (Hirsch and Pearce, 2000). We prepared 36 utter-
ances for each SNR. Next, we calculated the mean a

posteriori SNR for each SNR using �cu ¼ 1=T u
PT u

t¼1c
ðtÞ,

where T u is the total number of frames of the utterances
for the u-th SNR (u = 0, 5, 10, 15, and 20). Then, for each
SNR, we computed the average a posteriori SNR over the
36 utterances. Table 2 lists the estimated means of a poste-

riori SNR �c for different input SNRs, where the minimum
statistics (MS) method (Martin, 1994, 2001) was used as
the noise estimator in this example. In Table 2, for input
signals with SNRs of 0 and 20 dB, the estimated average
�c0 dB and �c20 dB values were 17.73 and 22.76, respectively.

In this study we used the speech distortion index (SDI)
(Chen et al., 2006) as the reference to obtain the optimal
a for the GMAPA algorithm. The SDI corresponds to
Table 2
Mean a posteriori SNRs for 0–20 dB SNR conditions.

SNR 0 dB 5 dB 10 dB 15 dB 20 dB

�c 17.73 18.84 19.99 21.45 22.76

Fig. 4. Average SDI values (over WGN, exhibition noise, and train station no
Ⓑ, Ⓒ, Ⓓ, and Ⓔ, a = 2.0, 1.5, 1.0, 0.5, 0.0, respectively. For each SNR, the
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the ratio of the energies of the residual speech and clean
speech signals:

SDI ¼ E½ s½n� � ŝ½n�ð Þ2�
E½s2½n�� ; ð26Þ

where s½n� and ŝ½n� are the clean and enhanced speech sig-
nals, respectively. A lower SDI indicates a smaller differ-
ence between the enhanced and clean speech signals. To
estimate the STW function of Eq. (23), the same utterances
used to obtain the a posteriori SNRs listed in Table 2 were
first adopted to compute SDIs, with various a values at
specific SNRs. The average SDI values for the GMAPA
algorithm using different a for 0–20 dB SNRs over
WGN, exhibition noise, and train station noise are listed
in Fig. 4. For each specific SNR, the result of the lowest
SDI is marked with ‘‘#”. From the figure, the optimal a val-
ues for input SNRs of 0 dB and 20 dB SNRs were 2.0 and
0.5, respectively. From Table 2 and Fig. 4, we confirm that
the STW function in Eq. (23) is a proper choice.

The values of �c and optimal a collected in Table 2 and
Fig. 4, respectively, are then used to calculate {amax,b,c}
in Eq. (23) using the following {�ci, ai} pairs, i = 1,2, . . . ,
I, where I denotes the number of training data sets, and
I = 5 in the example of Table 2 and Fig. 4. The pairs are
{17.73,2.0}, {18.84,2.0}, {19.99,1.5}, {21.45,1.0}, and

{22.76,0.5}. Then the optimal set {bamax; b̂; ĉ} is estimated
by

fbamax; b̂; ĉg ¼ arg minamax;b;c JCF ðamax;b;cj�ci;ai; i¼ 1;2 . . . ; IÞ
ð27Þ

where
ise at 0–20 dB SNRs) for the GMAPA algorithm using different a: For Ⓐ,
result of the lowest SDI is marked with ‘‘ ”.

a posteriori spectral amplitude estimation for speech enhancement, Speech
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JCF ðamax; b; cj�ci; ai; i ¼ 1; 2 . . . IÞ

¼
XI
i¼1

amax

1þ exp½�bð�ci � cÞ� � ai

���� ����2:
ð28Þ

The MMSE algorithm is adopted to compute {amax,b,c}
based on (27) and (28) (Cavallini, 1993). For the results
listed in Table 2 and Fig. 4, we obtained {amax, b, c} =
{2.195,�0.7787,21.18}. The parameter set is predeter-
mined using the available training data in the offline phase.
When performing GMAPA speech enhancement in the
online phase, we first calculate �c for the testing utterance
and determine the corresponding a based on Eq. (23).
The gain function in Eq. (22) is then computed, and finally
speech enhancement is performed.
4.3. Spectrogram analyses

In this section we use visual presentations to compare
different speech enhancement approaches. A spectrogram
is often used to display how the frequencies present in a
speech signal varying over time (Flanagan, 1972; Haykin,
1991). To investigate the speech enhancement capability
of GMAPA, we prepared testing data contaminated by
babble and car noises, which represent non-stationary
and stationary noises, respectively (Hirsch and Pearce,
2000). Fig. 5(a) and (b) respectively present spectrograms
of the clean speech and the noisy speech contaminated by
babble noise at an SNR of 5 dB. The content of the speech
was ‘‘To Mr. Hawke that is as it should be”. The spectra of
Fig. 5. Spectrograms for babble noise: (a) clean speech; (b) 5 dB SNR noisy sp
and GMAPA algorithms, respectively.
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the enhanced speech obtained using the MLSA, MAPA,
and GMAPA estimators are shown in Fig. 5(c), (d), and
(e), respectively. Meanwhile, Fig. 6 shows the same five
spectrogram plots as those in Fig. 5 when using the car
noise.

Figs. 5 and 6 indicate that both the MLSA and MAPA
algorithms can reduce the noise components, with MAPA
exhibiting superior performance [compare panels (c) and
(d) in both figures]. Moreover, the GMAPA algorithm
showed an even greater noise reduction capability than
the MAPA algorithm [compare panels (d) and (e) in both
figures]. In the following, we will present the objective
and subjective evaluation results to show the effectiveness
of the proposed GMAPA approach.

4.4. Objective evaluations

In this section, we introduce the experimental setup and
the results obtained in the objective evaluations.

4.4.1. Experimental setup

The objective evaluations were carried out using speech
signals excerpted from the Aurora-4 task. We selected 36
utterances made by 6 speakers (3 males and 3 females)
from the clean training set. The 6 speakers were different
from those who pronounced the training data, and thus
these 36 utterances were not used in the training set for
optimizing {amax,b,c} as introduced in Section 4.2. We
intentionally selected utterances of various lengths, with
around 8.3 s in average. With the 36 clean utterances, we
generated two sets of noisy speech signals (babble and
eech; (c), (d), and (e) enhanced speech obtained using the MLSA, MAPA,

a posteriori spectral amplitude estimation for speech enhancement, Speech
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Fig. 6. Spectrograms for car noise: (a) clean speech; (b) 5 dB SNR noisy speech; (c), (d), and (e) enhanced speech obtained using the MLSA, MAPA, and
GMAPA algorithms, respectively. (More samples: https://goo.gl/w86vpm.)
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car) by contaminating the clean utterances at five SNRs
(i.e., 0, 5, 10, 15, and 20 dB SNRs). Finally, we prepared
10 different conditions, each containing 36 utterances. In
this study we used the PESQ, SSNRI, and SDI for objec-
tive evaluations.

The PESQ was proposed by the International Telecom-
munication Union (ITU) as a measure of the difference
between enhanced and clean speech signals. PESQ scores
range from �0.5 to 4.5, with a higher score indicating that
the enhanced speech signal is closer to the clean speech sig-
nal (Loizou, 2013).

The SSNRI represents the difference in the segmental
SNR between the enhanced speech and noisy speech:

SSNRI ¼ SSNRenhanced � SSNRnoisy ; ð29Þ

where SSNRenhanced is the SSNR of enhanced speech:

SSNRenhanced ¼ 1

M

XM
m¼1

10� log10

XmNþN�1

n¼mN
s2½n�XmNþN�1

n¼mN
s½n� � ŝ½n�ð Þ2

24 35;
ð30Þ

and SSNRnoisy is the SSNR of noisy speech:

SSNRnoisy ¼ 1

M

XM
m¼1

10� log10

XmNþN�1

n¼mN
s2½n�XmNþN�1

n¼mN
s½n� � y½n�ð Þ2

24 35;
ð31Þ

where M is the number of frames, and N is the frame size.
A higher SSNRI score indicates that the speech signal has
been enhanced more effectively.
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4.4.2. Results of GMAPA and related approaches

Figs. 7–9 show the PESQ, SSNRI, and SDI scores for
the MLSA, MAPA, MMSE, and GMAPA algorithms. In
each figure, the left and right panels show the average
results of babble and car noises, respectively, at a specific
SNR. The MS method was used in this set of experiments.
In Figs. 7–9, we also show the average results (denoted as
‘‘Average”) of 0–20 dB SNRs for comparison. The result of
original noisy speech is denoted as ‘‘Original noisy”. The
results for GMAPA were obtained by using {amax = 2.195,
b = �0.7787,c = 21.18}.

The results of babble and car noises in Figs. 7–9 are
quite consistent. From the results, we first observe that
the proposed GMAPA algorithm performs the best in
terms of the PESQ, SSNRI, and SDI objective evaluations
across 0–20 dB SNR conditions. The better results
achieved by GMAPA over MLSA and MAPA confirm
that a suitable weight for prior density plays an important
role in the gain function estimation for speech enhance-
ment. Moreover, GMAPA provides clearer improvements
over related algorithms in lower SNR conditions (0 dB,
5 dB, and 10 dB SNRs); the improvements become mar-
ginal in higher SNR conditions (15 dB and 20 dB SNRs).
The result suggests that GMAPA with dynamically deter-
mining suitable weights gains more benefits under more
adverse (low SNR) conditions.
4.4.3. Results of GMAPA with TG and SG techniques

In this section, we present the results of GMAPA with
the TG and SG techniques. We intend to investigate that
if TG and SG can enable more accurate estimations of
weights of prior density and accordingly better speech
a posteriori spectral amplitude estimation for speech enhancement, Speech
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Fig. 7. PESQ values for Ⓕ Original noisy, Ⓖ MLSA, Ⓗ MAPA, Ⓘ MMSE, and Ⓙ GMAPA, at 0–20 dB SNRs and Average of babble noise (in the left
side) and car noise (in the right side).

Fig. 8. SSNRI values forⒼMLSA,ⒽMAPA,ⒾMMSE, andⒿGMAPA, at 0–20 dB SNRs and Average of babble noise (in the left side) and car noise
(in the right side).
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Fig. 9. SDI values forⒼMLSA,ⒽMAPA,ⒾMMSE, andⒿGMAPA, at 0–20 dB SNRs and Average of babble noise (in the left side) and car noise (in
the right side).
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enhancement performance for GMAPA. Please note that
the statistics of n and c in Eq. (22) are the same for
GMAPA, GMAPA + TG and GMAPA + SG, while
GMAPA + TG dynamically determines the weights (a in
Eq. (22)) in a sliding-window manner, and GMAPA
+ SG estimates multiple weights, each for a particular
sub-band. Fig. 10(a) shows the average PESQ scores (over
babble and car noises at 0–20 dB SNRs) of GMAPA + TG
using Mc = 10, 20, 30, 40, and M, where M is the total
number of frames in the utterance. As presented in Sec-
tion 3.3.1, when Mc =M, the whole utterance is used to
determine the weight of prior density. From the results in
Fig. 10(a), we note that Mc = 10, 20, 30, 40 all outperform
that of Mc = M. Moreover, when Mc = 30, GMAPA
+ TG reaches the highest PESQ score; the performance
maintains unchanged even though the size of sliding-
window is increased (i.e., Mc = 40). The results confirm
the effectiveness of using local temporal information for a
more accurate estimation of the weight of prior density
for GMAPA. Moreover, because TG computes the weight
in a sliding-window manner, the processing latency of
GMAPA + TG is smaller as compared to the utterance-
based estimation used in original GMAPA.

In Fig. 10(b), we present the average PESQ results of
GMAPA with SG (denoted as GMAPA + SG). As shown
in Section 3.3.2, when Lc = L, the entire frequency bins
share the same weight of prior density; when Lc = 1, each
frequency bin has a specific weight of prior density.
Fig. 10(b) also presents the results of GMAPA using
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Lc = L/5, L/20, and L/80. The results in Fig. 10(b) show
that applying SG to combine the entire frequency bins into
several groups can enable GMAPA to achieve better per-
formance. It is also noted that when Lc = L/5, GMAPA
+ SG can achieve the best performance. The result suggests
that it may not be necessary to specify a weight for each
frequency bin; instead, the same weights shared by a rea-
sonable group of frequency bins can already give satisfac-
tory performance.

Finally we intend to compare GMAPA with TG and SG
and related speech enhancement algorithms. The best setup
(Mc = 30 for TG and Lc = L/5 for SG from Fig. 10) was
used for GMAPA with TG and SG (denoted as
GMAPA + TGSG). Fig. 11(a), (b), and (c), respectively,
show the average PESQ, SSNRI, and SDI scores (over
babble and car noises at 0–20 dB SNRs) of original noisy
speech, MLSA, MAPA, MMSE, and GMAPA + TGSG.
Notably, the TG and SG techniques were only involved
to estimate a for computing the gain function in Eq. (22),

and the same bS ¼ G � Y process in Eq. (8) was used for
GMAPA + TGSG and related algorithms. By comparing
the results in Fig. 11(a), (b), and (c), we noted that
GMAPA + TGSG can provide better PESQ, SSNRI, and
SDI scores than MLSA, MAPA, and MMSE.
4.5. Subjective listening tests

The purpose of the subjective listening tests was to eval-
uate the sound quality produced by the GMAPA algorithm
a posteriori spectral amplitude estimation for speech enhancement, Speech
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Fig. 10. Average PESQ scores (over babble and car noises at 0–20 dB
SNRs) of (a) GMAPA + TG; (b) GMAPA + SG.
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and compare it with those for the MLSA, MAPA, and
MMSE algorithms in human subjects. We also intended
to compare the subjective and objective assessment results,
as described in detail below.

4.5.1. Experimental setup

The subjective listening test had a single-blind design in
that subjects did not know which speech enhancement
method was used when they were presented with the test
sounds. The experimental platform was implemented using
LabVIEW software, and the TDH-50P earphone (Valente
et al., 1997) provided the original noisy and processed
speech sounds to the human subjects. The TDH-50P ear-
phone is commonly used in audiometer for hearing test
because of its flat and wide frequency responses (100–
8 kHz), high sensitivity [106 ± 2 dB sound pressure level
(SPL) output with 1 milliwatt], linearity output (linear for
power input from 0 to 400 mW), and low distortion (less
than 1 percent). Before conducting the listening test, we
first calibrated the output sound level based on ANSI
(American National Standards Institute) S3.7 standard
(ANSI, 1995 (R2008)) to ensure that the output levels were
as intended. Four SNRs (�10, 0, 10, and 20 dB) were used
to form the test set. The source signals of the test were
concatenated segments of Mandarin spoken sentences
combined with pink noise segments lasting for 15 s. The
sentences were extracted from Taiwan news broadcasts
spoken by a female newscaster (Lai et al., 2013c). The
Please cite this article in press as: Tsao, Y., Lai, Y.-H., Generalized maximum
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speech and noise signals were adjusted simultaneously by
the same absolute amounts when producing the different
SNRs; for example, when the input SNR was increased
by 10 dB, the speech was increased by 5 dB and the noise
was decreased by 5 dB, and the combined sounds were then
adjusted to 65 dB SPL, which is a moderate listening level.
In addition, all measurement procedures were performed in
a quiet environment in which the background noise level
was below 45 dB SPL. Finally, the original noisy signal
and the noisy signals produced by each speech enhance-
ment algorithm were played to the subject at 65 dB SPL.
The purpose of this test was to investigate the subjective
a posteriori spectral amplitude estimation for speech enhancement, Speech

http://dx.doi.org/10.1016/j.specom.2015.10.003


Y. Tsao, Y.-H. Lai / Speech Communication xxx (2015) xxx–xxx 13
sound quality performance in each speech enhancement
algorithm. A standard sound quality questionnaire in clin-
ical trials was used to rate scores (Lai et al., 2013b). The
questionnaire included the following five statements: (Q1)
I think this method provides high sound quality, (Q2) I
think this method provides a natural sound, (Q3) I can
hear very clearly when I use this method, (Q4) I feel com-
fortable when I use this method, and (Q5) I can’t hear noise
when I use this method; the subject was asked to score
these statements for each of the speech signals using a mean
opinion score (MOS) comparison. The MOS rating is the
most widely used measure for subjective quality tests, in
which the subjects rate the test speech scale from 5 to 1
for ‘‘strongly agree,” ‘‘agree,” ‘‘neither agree nor disagree,”
‘‘disagree,” and ‘‘strongly disagree,” respectively
(Quackenbush et al., 1988). Nine subjects with normal
hearing (i.e., pure-tone hearing thresholds of better than
20 dB HL) whose native language is Mandarin participated
in this study. The subjects were aged from 23 to 37 years,
with a mean of 27 years.
4.5.2. Subjective listening test results
Fig. 12 shows the average MOS rating results from the

sound quality questionnaire for the five different processing
methods for nine subjects, where a higher score indicates
that the enhancement method was preferred. The MCRA
noise estimator was used in this set of experiments. The test
results for GMAPA + TGSG in Fig. 11 are presented and
denoted as GMAPA in Fig. 12. The sound quality scores
for the original noisy signals and the outputs of the MLSA,
MAPA, MMSE, and GMAPA algorithms were 4.11, 4.76,
4.87, 4.89, 4.93, respectively, for an input SNR of
20 dB; 3.66, 3.58, 4.16, 4.64, 4.76 for an input SNR
of 10 dB; 2.78, 2.82, 3.56, 3.56, 3.71 for an input SNR of
0 dB; 1.80, 1.60, 1.96, 2.04, 2.60 for an input SNR of
�10 dB. The paired t-test (Hayter, 2006) revealed
significant differences for the original noisy signal versus
the GMAPA algorithm (p < 0.001), MLSA versus
Fig. 12. Average MOS rating results over five questions for different types
of speech enhancement method and different input SNRs.
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GMAPA algorithms (p < 0.001), MAPA versus GMAPA
algorithms (p = 0.002), and MMSE versus GMAPA algo-
rithms (p = 0.049). The results confirm that the MOS val-
ues for the subjective listening tests were higher for
sounds enhanced by the proposed GMAPA algorithm than
for those enhanced using the other tested methods. Nota-
bly the results of subjective listening tests in Fig. 12 were
actually consistent to the objective results in Figs. 7–9.

5. Conclusion

This paper presents the GMAPA algorithm for imple-
menting spectral restoration for speech enhancement. The
GMAPA algorithm uses a weight, a, to determine the prior
information for calculating the gain function. An STW
mapping function was designed to determine the optimal a
value according to the estimated SNR of the noisy speech
signals. The objective evaluation results from PESQ,
SSNRI, and SDI confirmed that the GMAPA algorithm
outperformed the MMSE, MLSA, and MAPA algorithms
at both lower and higher SNR levels. Moreover, the
GMAPAperformance can be further improved by consider-
ing the temporal and spectral information into the gain
function estimation. In the meanwhile, the MOS scores
obtained in a set of subjective listening tests showed that
the GMAPA algorithm provided significantly higher satis-
faction than the MMSE, MLSA, and MAPA algorithms
at four SNR levels. These results suggest that the GMAPA
algorithm can provide higher speech quality for human lis-
tening than other spectral restoration algorithms under var-
ious noisy conditions.

Recently, environment-aware applications have caused
people’s high attention. This study extends the traditional
spectral restoration approaches to be capable of performing
environment-aware speech enhancement based on the
sigmoid-based STW function, which characterizes the corre-
lation of a posterioriSNRstatistics of the testing data and the
weight of prior density for the gain estimation. In the future,
we plan to further enhance the capability of environment-
aware speech enhancement for GMAPA by using a better
STW function with two directions. First, we will explore to
use a dynamic model, such as hiddenMarkov model or par-
ticle filter, to more accurately characterize the time-variant
characteristic of speech and nonstationary noise signals. Sec-
ond, we plan to design the STW function by considering
other acoustic properties, such as noise types and reverbera-
tion conditions, as well as other objective goals (rather than
SDI used in this study).Moreover, this study uses fixed num-
bers of frames and frequency bins for TG and SG, respec-
tively. GMAPA with variable sizes of temporal group and
spectral group is also a worthwhile future work.
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Appendix A.

Here we derive the GMAPA gain function listed in
Eq. (22). Assume that the noisy speech spectrum, Y , and
the amplitude of the clean speech spectrum, Sk, are
uncorrelated. Then the conditional PDF, pðY jSkÞ, can be
written as

pðY jSkÞ ¼ 1

pr2
v

exp � Y 2
k þ S2

k

r2
v

� �
I0

2SkY k

r2
v

� �
; ð32Þ

where I0ð�Þ is the zero-order modified Bessel function.

When the a priori SNR is higher (i.e., 2SkY k
r2v

� 1), Eq. (32)

can be approximated as

pðY jSkÞ � 1

2prv
ffiffiffiffiffiffiffiffiffiffiffiffiffi
pSkY k

p exp � Y 2
k � 2SkY k þ S2

k

r2
v

� �
: ð33Þ

The PDF of the clean speech signal is

pðSkÞ ¼ 2Sk

r2
s

exp � S2
k

r2
s

� �
: ð34Þ

Substituting Eq. (33) and Eq. (34) into Eq. (21), the cost
function can be written as

JGMAPAðSkÞ ¼ ln
1

2prv
ffiffiffiffiffiffiffiffiffiffiffiffiffi
pSkY k

p
� �

� Y 2
k � 2SkY k þ S2

k

r2
v

� �
þ aln

2Sk

r2
s

� �
� aS2

k

r2
s

: ð35Þ

Let

@JGMAPAðSkÞ
@Sk

¼ 0; ð36Þ

then

�1

2Sk
��2Y k þ 2Sk

r2
v

þ a
Sk

� 2aSk

r2
s

¼ 0: ð37Þ

Multiplying Eq. (37) by 2Sk yields

�1��4Y kSk þ 4S2
k

r2
v

þ 2a� 4aS2
k

r2
s

¼ 0: ð38Þ

After some derivations, Eq. (38) can be written as

Sk ¼
Y kr2

s þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y 2

kr
4
s þ ð2a� 1Þðar2
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s Þr2
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s

q
2ðar2

v þ r2
s Þ

: ð39Þ

This is equivalent to

Sk ¼
nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ ½ð2a� 1Þðaþ nÞr2

s=Y
2
k �

q
2ðaþ nÞ Y k; ð40Þ

and hence

Sk ¼
nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ ½ð2a� 1Þðaþ nÞn=c�

q
2ðaþ nÞ Y k: ð41Þ

Finally, we obtained the gain function GGMAPA in Eq. (22).
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